Rules for integrands involving exponential integral functions

1. ju ExpIntegralE[n, a + b x] dx

1: JEprntegralE[n, a+bx] dx

Basis: a—E(,;iﬁ = —E,_1(2)

Rule:

ExpIntegralE[n+1, a+bXx]
b

JEprntegralE[n, a+bx]dx — -

Program code:

Int [ExpIntegralE[n_,a_.+b_.*x_],x_Symbol] :=
-ExpIntegralE[n+1,a+bxx]/b /;
FreeQ[{a,b,n},x]



Rules for integrands involving exponential integral functions

2. J(d x)™ ExpIntegralE[n, bx] dx
1. J(d x)™ ExpIntegralE[n, bx] dx whenm+n =90
1. | x"ExpIntegralE[n, bx] dx whenm+n=0 A mez

1: [x"ExpIntegralE[n, bx] dx whenm+n=0 A mez*

Derivation: Inverted integration by parts

Rule:lf m+n=0 A me Z*, then

x" ExpIntegralE[n + 1, b Xx]
b

m
Jx"‘ ExpIntegralE[n, bx] dx — - + = Jx'“‘l ExpIntegralE[n +1, bx] dx
b

Program code:

Int[x_~m_.xExpIntegralE[n_,b_.xx_],x_Symbol] :=
-x*mxExpIntegralE[n+1,bxx]/b +
m/bxInt [x" (m-1) xExpIntegralE[n+1,bxx],x] /;
FreeQ[b,x] && EqQ[m+n,0] && IGtQ[m,0]



Rules for integrands involving exponential integral functions

2, Jx'" ExpIntegralE[n, bx] dx whenm+n=0 A meZ"-

ExpIntegralE[1, b x]
1: J dx
X

Rule:

ExpIntegralE[1, b x] . 1 B
j dx — b xHypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, -bx] - EulerGamma Log[x] - — Log[b x]
X 2

Program code:

Int[ExpIntegralE[1,b_.xx_]/X_,x_Symbol] :=
bxxxHypergeometricPFQ[{1,1,1},{2,2,2},-bxx] - EulerGammaxLog[x] - 1/2xLog[bxx]"2 /;
FreeQ[b,x]

2: | x"ExpIntegralE[n, bx] dx whenm+n=0 A m+1e€Z"-

Derivation: Integration by parts

Rule:lf m+n=0 A m+1¢ez,then

x™1 ExpIntegralE[n, b x] b
+

fx'“ ExpIntegralE[n, bx] dx — jx'"*l ExpIntegralE[n -1, bx] dx

m+1 m+1

Program code:

Int[x_”~m_xExpIntegralE[n_,b_.*x_],x_Symbol] :=

X~ (m+1) xExpIntegralE[n,bxx]/ (m+1) +

b/ (m+1) *Int [x” (m+1) *xExpIntegralE [n-1,bxx],x] /;
FreeQ[b,x] && EqQ[m+n,0] &% ILtQ[m,-1]



Rules for integrands involving exponential integral functions

2: j(d x)" ExpIntegralE[n, bx] dx whenm+n=0 A m¢Z

Rule:lf m+n =0 A m¢ Z,then

(dx)™ Gamma [m + 1] Log[x] (d x) ™! HypergeometricPFQ[{m+ 1, m+ 1}, {m+2, m+ 2},

-b x]

j(d x)" ExpIntegralE[n, bx] dx —
b (bx)" d(m+1)?

Program code:

Int[ (d_.*x_)"m_xExpIntegralE[n_,b_.xx_],x_Symbol] :=
(dxx) “mxGamma [m+1] xLog [X] / (bx (bxx) *m) - (dxx)” (m+1) xHypergeometricPFQ[{m+1,m+1}, {m+2,m+2},-b*x]/(d* (m+1)~2) /;
FreeQ[{b,d,m,n},x] &% EqQ[m+n,0@] && Not[IntegerQ[m]]

2: J(d x) " ExpIntegralE[n, bx] dx whenm+n #0

Rule: If m+ n # 0, then

(d x)™?! ExpIntegralE[n, bx]  (dx)™!ExpIntegralE[-m, b x]
d (m+n) d (m+n)

f(d x) " ExpIntegralE[n, bx] dx —

Program code:

Int[(d_.*x_)~m_.xExpIntegralE[n_,b_.xx_],x_Symbol] :=
(d*x) ~ (m+1) *xExpIntegralE[n,bxx] / (d* (m+n)) - (d*x)” (m+1) *xExpIntegralE[-m,bxx]/ (d* (m+n)) /;
FreeQ[{b,d,m,n},x] && NeQ[m+n,0]



Rules for integrands involving exponential integral functions

3. J(c +dx)"ExpIntegralE[n, a+bx] dx

1: J(c+dx)mEprntegra1E[n, a+bx]dx whenmezZ*V nez VvV (m>0 A n<-1)

Derivation: Inverted integration by parts

Rule:lf mez*vnez vV(m>0 An<-1),then

(c +dx)"ExpIntegralE[n+1, a+bx] dm 1
+ — | (c+dx)™" ExpIntegralE[n +1, a+bx] dx
b b

J(c +dx)™ ExpIntegralE[n, a+bx] dx — -

Program code:

Int[(c_.+d_.*x_)"m_.xExpIntegralE[n_,a_+b_.*x_],x_Symbol] :=

- (c+d*x) “mxExpIntegralE[n+1,a+bxx] /b +

dxm/bxInt[ (c+dxx)” (m-1) xExpIntegralE[n+1,a+bxx],x] /;
FreeQ[{a,b,c,d,m,n},x] && (IGtQ[m,0] || ILtQ[n,0] || GtQ[m,0] && LtQ[n,-1])

2: J(c+dx)mEprntegr‘alE[n, a+bx]dx when (nez*V (m<-1 An>0)) Am#-1

Derivation: Integration by parts

Rule:lf (nez*v m< -1 An>0)) Am+-1,then

(c +dx)™?! ExpIntegralE[n, a +bx] b .
j(c+dx)'“Eprntegr‘alE[n, a+bx]dx — + f(c+dx)’"" ExpIntegralE[n -1, a+bx] dx
d(m+1) d(m+1)

Program code:

Int[ (c_.+d_.*x_)”~m_.xExpIntegralE[n_,a_+b_.*x_],x_Symbol] :=

(c+dxx)~ (m+1) xExpIntegralE[n,a+b*x]/ (d* (m+1)) +

b/ (d* (m+1) ) *Int[ (c+dxx)”~ (m+1) xExpIntegralE[n-1,a+b*x],x] /;
FreeQ[{a,b,c,d,m,n},x] & & (IGtQ[n,0] || LtQ[m,-1] && GtQ[n,0]) && NeQ[m,-1]



Rules for integrands involving exponential integral functions

3: J(c +dx)™ ExpIntegralE[n, a+bx] dx

Rule:

j(c +dx)"ExpIntegralE[n, a+bx] dx — J.(c +dx)™ ExpIntegralE[n, a+bx] dx

Program code:

Int[(c_.+d_.*x_)~m_.xExpIntegralE[n_,a_+b_.*x_],x_Symbol] :=
Unintegrable[ (c+d*x) “mxExpIntegralE[n,a+b*x],x] /;
FreeQ[{a,b,c,d,m,n},x]

2. -J-u ExpIntegralEi[a + b x] dx

1: JEprntegralEi [a+bx] dx

Derivation: Integration by parts

Rule:

. (a+bx) ExpIntegralEi[a+bx] @*PX
jEprntegralEl [a+bXx]dx — -
b b

Program code:

Int[ExpIntegralEi[a_.+b_.*x_],x_Symbol] :=
(a+b*x)*EprntegralEi[a+b*x]/b - E~(a+bxx) /b /;
FreeQ[{a,b},x]



Rules for integrands involving exponential integral functions

2. J(c +dx)"ExpIntegralEi[a +bx] dx

ExpIntegralEi[a + b x]
1. J dx

c+dx

ExpIntegralEi[b x]
1: J dx

X

Derivation: Piecewise constant extraction
Basis: Oy (ExpIntegralEi[b x] + ExpIntegralE[1, -bx]) == 0

Rule:

alE[1, -bx
[1, ]dlx

J-Eprntegr'alEi [bx] a

. 1 ExpIntegr
x — (ExpIntegralEi[bx] +ExpIntegralE[1, -bx]) J— dlx—j
X X

X

ExpIntegralE[1, -b x] a

— Log[x] (ExpIntegralEi[bx] +ExpIntegralE[1, -bx]) —J X

X

Program code:

Int [ExpIntegralEi[b_.*x_]/x_,x_Symbol] :=
Log[x]  (ExpIntegralEi [b#x] +ExpIntegralE[1,-bxx]) - Int[ExpIntegralE[1,-b#x]/X,X] /;
FreeQ[b,x]



Rules for integrands involving exponential integral functions

ExpIntegralEi[a + bx
X: J p g [ 1 dx

c+dx

Rule:

ExpIntegralEi[a + b x] ExpIntegralEi[a + b x]
j dx — J. dx

c+dx c+dx

Program code:
Int[ExpIntegralEi[a_.+b_.+x_]/(c_.+d_.*x_),x_Symbol] :=

Unintegrable [ExpIntegralEi[a+bsx]/(c+dxx),x] /;
FreeQ[{a,b,c,d},x]

2: J(c +dx)" ExpIntegralEi[a + b x] dx when m# -1

Derivation: Integration by parts

Rule: If m # -1, then

(c +dx)™?* ExpIntegralEi[a + b x] b J-(c+dx)'“*1 @thx 4
X

j(c +dx)" ExpIntegralEi[a + bx] dx — -
d (m+1) d(m+1)

a+bx

Program code:

Int[(c_.+d_.#x_)~m_.*ExpIntegralEi[a_.+b_.*x_],x_Symbol] :=
(c+d*x)~ (m+1) xExpIntegralEi [a+b*x]/(d* (m+1)) -
b/ (d* (m+1) ) *Int [ (c+dxx)~ (m+1) *E” (a+b*x) / (a+bxx) ,x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]



Rules for integrands involving exponential integral functions

3. fu ExpIntegralEi[a + b x]2dx

1: JEprntegralEi [a+bx]?dx

Derivation: Integration by parts

Rule:

jEprntegr‘alEi [a+bx]2dx —

Program code:

Int[ExpIntegralEi[a_.+b_.*x_]"2,x_Symbol] :=
(a+bxx) xExpIntegralEi[a+bxx]*2/b -
2+Int[E~ (a+bxx) xExpIntegralEi[a+b+x],x]| /;

FreeQ[{a,b},x]

(a+bx) ExpIntegralEi[a + b x]?

b

2 J‘ea”’x ExpIntegralEi[a + b x] dx



Rules for integrands involving exponential integral functions

2. Jx"‘ ExpIntegralEi[a + b x]2dx

1: | x"ExpIntegralEi[bx]2dx whenmez*

Derivation: Integration by parts
Rule: If m € z*, then

fx’" ExpIntegralEi[bx]%?dx —

Program code:

Int[x_~m_.*ExpIntegralEi[b_.xx_]"2,x_Symbol] :=

X~ (m+1) *ExpIntegralEi [bxx] "2/(m+1) -

2/ (m+1) »Int[x m+E~ (bxx) xExpIntegralEi[bx],x] /;
FreeQ[b,x] && IGtQ[m,Q]

x™1 ExpIntegralEi[b x]2

2

m+1

m+1

fx'“ e?* ExpIntegralEi[b x] dx
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Rules for integrands involving exponential integral functions

2: | x"ExpIntegralEi[a +bx]2dx when mez*

Derivation: Iterated integration by parts

Rule: If m e z*, then

Jx’" ExpIntegralEi[a + bx]2dx —

x™1 ExpIntegralEi[a + bx]2 ax™ExpIntegralEi[a +b x]?2

2

+
m+1 b (m+1)

Program code:

Int[x_"m_.xExpIntegralEi[a_+b_.xx_]"2,x_Symbol] :=
X~ (m+1) *ExpIntegralEi[a+bxx]"2/ (m+1) +
axx"mxExpIntegralEi[a+bxx]*2/ (b* (m+1)) -
2/ (m+1) »Int[x m+E~ (a+bxx) »ExpIntegralEi[a+bxx],x] -
axm/ (bx (m+1)) *Int[x~ (m-1) xExpIntegralEi[a+b*x]*2,x] /;
FreeQ[{a,b},x] && IGtQ[m,0]

m+1

Jxm e®*X ExpIntegralEi[a + b x] dx -

am

b (m+1)

Jx"“l ExpIntegralEi[a + b x]?dx
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Rules for integrands involving exponential integral functions

X: Jx’" ExpIntegralEi[a + bx]2dx whenm+2ez"

Derivation: Inverted integration by parts

Rule:If m+ 2 € z7, then

Jx’" ExpIntegralEi[a + bx]2dx —

b x™2 ExpIntegralEi[a + bx]2 x™!ExpIntegralEi[a +b x]2 2b
P g [ I + P g [ U Jx““'l e®*X ExpIntegralEi[a + b x] dx -
a(m+1) m+1 a(m+1)

Program code:

(» Int[x_"m_.*ExpIntegralEi[a_+b_.»x_]~2,x_Symbol] :=
bxx” (m+2) xExpIntegralEi[a+bxx]"2/ (ax (m+1)) +
xA(m+1)*EprntegralEi[a+b*x]“2/(m+1) -
2+b/ (a* (m+1) ) »Int[x~ (m+1) xE~ (a+bx) xExpIntegralEi[a+bxx],x] -
bx (m+2) / (ax (m+1) ) »Int [x” (m+1) xExpIntegralEi[a+bxx]"2,x]| /;
FreeQ[{a,b},x] && ILtQ[m,-2] *)

b (m+2)

a(m+1)

Jx"‘*l ExpIntegralEi[a + bx]?dx
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Rules for integrands involving exponential integral functions

4. fu e®*®X ExpIntegralEi[c +d x] dx

1: Jea*bx ExpIntegralEi[c +dx] dx

Derivation: Integration by parts

Rule:

@®PX ExpIntegralEi[c +dx] d [e?+c+(brdx 4
X
b b J c+dx

jea*bx ExpIntegralEi[c +d x] dx — - -

Program code:

Int[E~(a_.+b_.*x_) »ExpIntegralEi[c_.+d_.*x_],x_Symbol] :=
E” (a+bxx) xExpIntegralEi[c+d*x] /b -
d/bxInt[E” (a+c+ (b+d) *x) / (c+d*xXx) ,x] /;
FreeQ[{a,b,c,d},x]
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Rules for integrands involving exponential integral functions

2. Jx"‘ e™*PX ExpIntegralEi[c +d x] dx

1: [x™e**"* ExpIntegralEi[c +dx] dx when me z*

Derivation: Integration by parts

Rule: If m € z*, then

jx'" e X ExpIntegralEi[c + d Xx] dX —

b b

X" @®*PX ExpIntegralEi[c +dx] d (X" @3*c+(brd) x m
j c+dx b

dx - — jx'"‘l e™*PX ExpIntegralEi[c +d x] dx

Program code:

Int[x_"m_.«E~(a_.+b_.*x_) »ExpIntegralEi[c_.+d_.*x_],x_Symbol] :=
x"mxE” (a+bxXx) *ExpIntegralEi [c+d*x]/b -
d/bxInt [x*m*E” (a+c+ (b+d) *x) / (c+d*Xx) ,x] -
m/b*Int[x"(m—l)*E"(a+b*x)*Eprntegr‘alEi[c+d*x],x] /5
FreeQ[{a,b,c,d},x] && IGtQ[m,0]
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Rules for integrands involving exponential integral functions

2: | x™e*P* ExpIntegralEi[c +dx] dx whenm+1ez-

Derivation: Inverted integration by parts

Rule:lf m+1 €z, then

Jx“‘ e®*?X ExpIntegralEi[c + d x] dX —

X"l @*bX ExpIntegralEi[c + d x] d XM+l ga+c+ (brd) x b 1 b .
J dx - Jx'"* e’ ExpIntegralEi[c + d x] dx

m+1 m+1 c+dx m+1

Program code:

Int[x_"m_xE~(a_.+b_.xx_)*ExpIntegralEi[c_.+d_.*x_],x_Symbol] :=
X~ (m+1) +E~ (a+bxx) *ExpIntegralEi[c+d+x]/(m+1) -
d/ (m+1) *Int [x* (m+1) *E” (a+c+ (b+d) *x) / (c+d*X) ,xX] -
b/ (m+1) xInt[x (m+1) xE” (a+bxx) xExpIntegralEi[c+d»x],Xx] /;
FreeQ[{a,b,c,d},x] && ILtQ[m,-1]
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Rules for integrands involving exponential integral functions

5. fu ExpIntegralEi[d (a+bLog[cx"])] dx

1: JEprntegralEi [d (a+bLog[cx"])] ax

Derivation: Integration by parts

>bd

Basis: Ox ExpIntegralEi[d (a+bLog[cx"])] == Xb<2f;io(gc[’fxm

Rule: If m + -1, then

n\bd
jEprntegralEi [d (a+bLlog[cx"])] dx — xExpIntegralEi[d (a+bLog[cx"])]-bne" f—(c x') dx
a+blog[cx"]

Program code:

Int[ExpIntegralEi[d_.(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
x*ExpIntegralEi[d* (a+bxLog[c*x”*n])] - bxnxE~ (axd) *Int[ (cx*x"n)~ (bxd)/ (a+bxLog[c*x*n]),x] /;
FreeQ[{a,b,c,d,n},x]
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Rules for integrands involving exponential integral functions

ExpIntegralEi[d (a+bLog[cx"])]
2: JA dx

X

Derivation: Integration by substitution
Basis: FlLeal<xtl —- L subst [F[x], X, Log[c x"]] OxLog[c x"]

Rule:

ExpIntegralEi[d (a+bLog[cx"])] 1
J dx — = Subst[ExpIntegralEi[d (a+bx)], X, Log[cx"]]
X n

Program code:

Int[ExpIntegralEi[d_.+(a_.+b_.xLog[c_.*x_"n_.])1/x_,x_Symbol] :=
1/n+Subst [ExpIntegralEi[dx (a+b*X) ],x,Log[c*xn]] /;
FreeQ[{a,b,c,d,n},x]
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Rules for integrands involving exponential integral functions

3: J(e x)" ExpIntegralEi[d (a+bLog[cx"])] dx whenmg -1

Derivation: Integration by parts

bnead (CXn)bd
X (a+b Log[c x"])

Basis: Ox ExpIntegralEi[d (a+b Log[cx"])] ==

Rule: If m + -1, then

(e x)™* ExpIntegralEi[d (a+bLlog[cx"])]

bne®? (c x“)bd

(e x)m+bdn

j(e x)" ExpIntegralEi[d (a+bLog[cx"])] dx —
e (m+1)

Program code:

Int[(e_.»x_)"m_.*ExpIntegralEi[d_.(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=

(exx)~ (m+1) xExpIntegralEi[d* (a+bxLog[c*Xx”"n]) ]/(e* (m+1)) -

bxnxE” (axd) * (cxx”*n) ~ (bxd) / ( (m+1) * (exx) ~ (bxd*n) ) *Int[ (exx) " (m+bxdxn) / (a+bxLog[c*x*n]),x] /;
FreeQ[{a,b,c,d,e,m,n},x] & NeQ[m,-1]

(m+1) (ex)bdn

J

a+blog[cx"]

dx
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Rules for integrands involving exponential integral functions

Rules for integrands involving logarithmic integral functions

1: -J-LogIntegr'al [a+bx] dx

Derivation: Integration by parts

Rule:

(a+bx) LogIntegral[a + b x] ExpIntegralEi[2 Log[a + b x]]

JLogIntegral[a +bx] dx — 5 S

Program code:

Int[LogIntegral[a_.+b_.*x_],x_Symbol] :=
(a+bxx) xLogIntegral[a+bxx] /b - EprntegralEi[2*Log[a+b*x]]/b /5
FreeQ[{a,b},x]

2. j(c +dx)" LogIntegral[a +bx] dx

LogIntegral[a + b x]
1. J dx
c+dx

LogIntegral[b x
1:J‘ g gral[ ]d]x
X

Rule:

J-LogIntegr'al [bx] 4
X

X — -bx + Log[bx] LogIntegral[b x]

Program code:

Int[LogIntegral[b_.xx_]/x_,x_Symbol] :=
-bxx + Log[bxx]x*LogIntegral[bxx] /;
FreeQ[b,x]
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Rules for integrands involving exponential integral functions

LogIntegral[a + bx
U:Jg gral[a+ ]dlx

c+dx

Rule:

LogIntegral[a + b x] LogIntegral[a + b x]
J dx — J dx

c+dx c+dx

Program code:

Int[LogIntegral[a_.+b_.xx_]/(c_.+d_.x*x_),x_Symbol] :=
Unintegrable[LogIntegral[a+bxx]/ (c+d*X),x] /;
FreeQ[{a,b,c,d},x]

2: J(c +dx)" LogIntegral[a+bx] dx whenm# -1

Derivation: Integration by parts

Rule: If m # -1, then

(c +dx)™! LogIntegral[a + b x] b J~ (c+dx)™? 4
X

J(c +dx)" LogIntegral[a +bx] dx — -
d(m+1) d(m+1)

Log[a + b x]

Program code:

Int[(c_.+d_.*x_)"m_.xLogIntegral[a_.+b_.xx_],x_Symbol] :=
(c+d*x)~ (m+1) xLogIntegral [a+bxx]/ (d* (m+1)) - b/ (d* (m+1))*Int[ (c+d*x)” (m+1) /Log[a+bxx],x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]
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